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THE HASSE PRINCIPLE FOR LINES ON DIAGONAL 

SURFACES 

JORG JAHNEL AND DANIEL LOUGHRAN 


Abstract. Given a number field k and a positive integer d, in this paper we 
consider the following question: does there exist a smooth diagonal surface of 
degree d in over k which contains a line over every completion of fc, yet no 
line over kl We answer the problem using Galois cohomology, and count the 
number of counter-examples using a result of Erdos. 


1. Introduction 

A class of varieties over a number field k is said to satisfy the Hasse principle 
if, for each variety in the class, the existence of a rational point over every 
completion of k implies the existence of a rational point over k. In this paper we 
are interested in Hasse-type principles for linear subspaces on varieties. Namely, 
given some r G N and a class of varieties embedded in some hxed projective space, 
whether the existence of a linear subspace of dimension r on each variety X in 
the class over every completion of k implies the existence of a linear subspace of 
dimension r on X dehned over k. Note that there is a Hilbert scheme (see ||6|) 
which parametrises the linear subspaces of dimension r on each such X, and our 
question is equivalent to asking whether these schemes satisfy the (usual) Hasse 
principle. 

Birch [T] studied the existence of linear subspaces on complete intersections 
of odd degree embedded in a given projective space P” over a number held k. 
He showed that there is always a linear subspace of given dimension r over k, 
provided that r is sufficiently small in terms of n and the degrees of the dehning 
equations (see j3] and jl] for recent progress). In particular, here the Hasse 
principle for such linear subspaces trivially holds. 

In [7], we considered problems of this type for lines on del Pezzo surfaces. We 
showed, for example, that the Hasse principle for lines holds for quadric surfaces 

in p3 

13 Lem. 3.4]. For cubic surfaces however, it can fail, and in [3 we gave 
explicit counter-examples. 

In this paper, we consider this problem for lines on diagonal surfaces, i.e. for 
surfaces of the form 

ao^o + aiXi + 02X2 + 03X3 = 0, (1.1) 

where Oj G k*. Here it is well-known (see e.g. |3 Ex. 6.3]) that when d > 3, 
there are exactly 3(i^ lines over k. Namely, let ( 2 d be a primitive 2d-th root of 
unity and let (/Joi/oj) denote a hxed choice of dth root of ai/aj. Then the lines 
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over k are given by 

L'l : Xq = • \/(ai/ao) ■ Xu X2 = ■ \/(03/02) • X3. 

L*/ : xo = • \/(a 2 /ao) ■ X2, xi = (3^+^ • {/(as/ai) ■ X3. (1.2) 

Lg’^ : Xo = • ^(as/ao) • X 3 , Xi = • {/ (oa/ai) • Xa- 

Here (i, j) runs over all elements of {'Ljd'LY (i-^- runs over all 2d-th. roots 

of unity C for which = —1). One quickly sees that if the Hasse principle for 
lines fails, then certain combinations of elements of k* are dth powers locally, 
but not globally. In particular this problem is of a very similar flavour to the 
Grunwald-Wang theorem (see e.g. j9l Thm. 9.1.3(ii)]), which calculates precisely 
when the Tate-Shafarevich group 

m(fc,/i,) = ker (R\k,fi,) ll}l\k,,fid?j = ker (^k*/k*<^ -^IIK/K"^ 

is trivial (for example, it is always trivial when d is odd). 

For del Pezzo surfaces, our results were uniform with respect to the number 
field (e.g. if we were able to construct counter-examples for a given degree over 
one number field, then we could also construct counter-examples for this degree 
over every number field). For diagonal surfaces however, much like the Grunwald- 
Wang theorem, the answer depends intimately on the arithmetic of the field. Our 
main result states that for odd degree, the answer is completely controlled by 
cohomology, whereas for even degree there are extra subtleties depending on 
whether or not (— 1 ) is a dth power in k. 

Theorem 1.1. Let d > 3 and let k he a number field. If d is odd, then every 
diagonal surface of degree d over k satisfies the Hasse principle for lines if and 
only if 

H^{k{pLd)/k,pLd) = 0 . 

If d is even, then every diagonal surface of degree d over k satisfies the Hasse 
principle for lines if and only if 

B.^{k{p.d)/k, p.d) = 0 and (- 1 ) ^ k*‘^. 

Note that if we write d = 2‘^e where n > 0 and e is odd, then (—1) G k*’^ if 
and only if /ia^+i C k. The cohomology group in Theorem 11.11 naturally arises 
for us via inflation-restriction, namely we have 

Y{\K/k,pid{K)) = ker {k*/k*<^ K*/K*^) , (1.3) 

for any hnite Galois field extension k <Z K. We calculate the cohomology group 
appearing in Theorem II.II in 92.11 from which we are able to obtain the following 
results. 

Theorem 1.2. Let d > 3 be odd and let k he a number field. Suppose that one 
of the following conditions holds. 

(1) fid{k) = { 1 }. 

(2) lid C k. 

(3) q ^ 1 mod p for all primes p,q\ d. 

Then diagonal surfaces of degree d over k satisfy the Hasse principle for lines. 
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Condition (1) holds for example if A; = Q, condition (2) holds when k = Q{^d), 
and condition (3) holds if d is an odd prime power or d = 15. In the original 
Grunwald-Wang theorem, one quickly reduces to the case where the exponent is 
a prime power. Here however this cannot be done, as the prime divisors of d can 
interact in a non-trivial way. In particular, contrary to the case of Grunwald- 
Wang, the Hasse principle for lines can fail for diagonal surfaces of odd degree. 

Theorem 1.3. Let d > 3 be odd. Suppose that there exist primes p,q\ d, such 
that q = 1 mod p. Then there exist a number field k and a diagonal surface of 
degree d over k which fails the Hasse principle for lines. 

Theorem 11.31 applies for example when d = 21. Counting the number of d to 
which Theorem 11.31 applies is an interesting problem in its own right in analytic 
number theory. Namely, let 

D{x) = #{d < X : q ^ 1 mod p for all primes p, q \ d}. 

Let Ds{{x) denote the corresponding counting function where d is also assumed 
to be square-free. Then Erdos |5] (see also jH Thm. 11.23]) has shown that 

Dsiix) ~ ^^-, as X —)■ cxo. 

log log log X 

A minor modification of his proof yields the upper bound 

D{x) < 


log log log X 

In particular. Theorem 11.31 applies to 100% of all odd integers d. 

Using Theorem 11.11 it is easy to see that for each even d > 4, there exists a 
number field k for which every diagonal surface of degree d over k satisfies the 
Hasse principle for lines (e.g., take k = Q{nd))- However in contrast to part (3) 
of Theorem 11.21 the Hasse principle for lines can fail in every even degree. 

Theorem 1.4. Let d> A be even and let k be a totally real number field. Then 
there exists a diagonal surface of degree d over k which fails the Hasse principle 
for lines. 


In particular. Theorem 11.41 applies when k = Q. 

1.1. Examples. 

1.1.1. Even degree. The counter-examples which we construct in this paper are 
reasonably explicit. For example, let p = 1 mod 8 be a prime. We claim that 
the surface 

S : Xq + 2^x^ — p^X2 — (2p)^X3 = 0 (1.4) 

over Q fails the Hasse principle for lines. Let us give an elementary argument 
why this is the case. Given a field extension Q (Z k, the surface S contains a line 
over k if and only if 

—2^ G k*‘^ or p^ G k*'^ or (2p)^ G k*'^. (1.5) 

This is most easily seen using the explicit description of the Hilbert scheme of 
lines given in ^2.21 In particular, there is no line defined over Q. Clearly there 
is a line defined over M, and there is a line over Q 2 since p G So let £ be an 
odd prime. If £ = 1 mod 4, then (—1) G and hence —2^ = (1 -1-i)^ is a fourth 
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power in Q^, where = —1. If £ = 3 mod 4, then every square in F/ is also a 
fourth power. Whence it follows from Hensel’s lemma and fll.Sj) that there is a 
line dehned over Q^. Thus S fails the Hasse principle for lines, as claimed. 

Here the appearance of 2^ in the coefficients of fll.4p is very important for the 
construction. It appears naturally through the consideration of the cohomology 
group H^(Q(i)/Q,/i 4 ), as one would expect from Theorem ll.il This cohomology 
group is isomorphic to Z/2Z (see Lemma l2.2p . A choice of representative for 
the non-trivial element is given by —2^, as —2^ = (1 + i)^ is not a fourth power 
in Q but is a fourth power in Q(?) (see fll.dp L This fact naturally arose in the 
above argument, as it implies that —2^ G for those primes i which split in 
Q(i) (i.e. those primes ^ = 1 mod 4). This construction of counter-examples is 
generalised in Lemma [4.41 below. If (—1) G k*'^ then there are counter-examples 
of a different kind, which are moreover easier to construct; see Lemmabelow. 

1.1.2. Odd degree. The counter-examples in odd degree are of a similar flavour, 
though here it is slightly trickier to hnd conditions which guarantee that the 
group }1^ {k(fid)/k, fid) is non-trivial (this group was non-trivial above for special 
reasons, namely as we were in the special case of Dehnition I2.ip . 

As an example, let p and q be two odd primes with q = 1 mod p. Put d = pq 
and let k = Q(/ip). Then we claim that Y{^{k{pid)/k^ pid) 7 ^ 0. To see this, 
hrst note that G3l{k{fLd)/k) = 'Ll{q — 1)Z. As g = 1 modp, there exists an 
intermediate held extension k G L G k{fid) with Gal{L/k) = Z/pZ. By Kummer 
theory, there exists some a E k* such that L = k{-^/a). Hence a is not a pth 
power in k, but is a pth power in L. A simple argument shows that is not a 
dth power in k, thus by fll.3p we see that gives rise to a non-trivial element 
of }l^{k{fid)/k, fid), as required. As for the counter-examples, let (3 E k* and 
consider the surface 

5 : = 0 . 

A similar argument to the case of even degree shows that S contains a line over 
all but hnitely many completions of k. One needs to choose (3 carefully to ensure 
that there are lines everywhere locally, whilst there still being no line globally. 

As an explicit example, let p = 3 and g = 7, so that L = Q(C 3 , Ct + where 
Cs and (y are choices of primitive 3rd and 7th roots of unity, respectively. Take 

P = (C7 + C7 + CsiCr + C7 ^) + C 3 (C 7 + C7 ^ 

A simple calculation shows that if a G Gal{L/k) is a non-trivial element, then 
a{p)/p is a non-trivial third root of unity. In particular p ^ k. Moreover, this 
shows that a = p^ = lA + 21(C3 G /c is a suitable choice for a, as above. In 
order to obtain the required counter-example, one may take /9 to be a rational 
prime which is both 1 mod 3 and 1 mod 7^ (e.g. take [3 = 883). See the proof of 
Lemma 14.31 for details of why this choice works. 

Notation. Let d E N and let k he a held whose characteristic is coprime to d. 
We denote by pd fhe group scheme of dth roots of unity over k. By abuse of 
notation, we shall say that pd ^ k if k contains a primitive dth root of unity, 
and denote by k{pd) the held given by adjoining all dth roots of unity. We have 
[k{pd) : k] \ (p{d), where <p is Euler’s phi function. 












THE HASSE PRINCIPLE FOR LINES 


5 


If a G fc*, then the notation is meaningless in general; we shall only 

nse it if /i^ C k, in which case k{a^^‘^) is defined to be the splitting field of the 
polynomial — a. 

Let k <Z K he a Galois field extension and G a finite etale commutative group 
scheme over k. Then for i > 0, we use the notation lV{K/k,G{K)) for the 
Galois cohomology group B.\Gal{K/k),G{K)). If G is split over K, then we 
instead write hh{K/k,G). 

Acknowledgements. The authors would like to thank Matthias Schiitt and 
Efthymios Sofos for useful comments, and the anonymous referee for their careful 
reading of our paper. 


2. Generalities 


2.1. Cohomological calculations. We begin by calculating the cohomology 
group which arises in Theorem 11.11 We will assume that the reader is familiar 
with the basic tools of Galois cohomology, as can be found in j9] or m- 

Definition 2.1. Let be a prime power and let fc be a field with char(/c) = 0. 
Then we shall say that {k,p"') is the special case if 

p = 2, n >2 and k n Q(/i 2 ") is totally real. 

This arises in the following lemma, which is usually shown during the course 
of the proof of the Grunwald-Wang theorem. 


Lemma 2.2. Let p"^ be a power prime and let k he a field with char(fc) 
{k,p^) is not the special case, then 

}i\k{ppn)/k, ppn) = 0 for all i > 1. 


Otherwise 

H*(/c(/U 2 ")/fc,/i 2 n) = Z/2Z foralli>l, 


0. If 


Proof See |9l Prop. 9.1.4]. □ 

Proposition 2.3. Let d G N and let k be a field with char(/c) = 0. Let k d K 
be a finite abelian extension with C A. Then 

(a) ^ 

Let p'^ II d. Iflkjp"^) is not the special case, then 

(b) R\K/k,Ppr.) =Rom{Gal{K/k{ppr.)),ppn{k)). 

Proof. Part (a) follows simply from the fact that if p” || d, then pd = Pd/p^- 
For part (6), by inflation-restriction we have the exact sequence 

0 - ^ H (^ki^Ppn'j f k, Ppn'j - y LI (^LCfk,Ppn'^ 

^ ll^{k{Ppn)/k,Ppr.). 

Thus by Lemma [2.21 we find that 

R\K/k, Ppr.) ^ YG{K/k{Ppr.),Ppr.f^^^^^^^^^^/^\ (2.1) 

As Ga[{K/k{ppn)) acts trivially on ppn, we see that fl2.ll) is isomorphic to the 
group Hom(Gal(A/A;(/ipn)),p^rt (6) now follows from the fact 
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that, as the extension K/k is abelian, the natnral conjngation action of the gronp 
Ga\{k{^pn)/k) on GaA{K/k{fipn)) is trivial. □ 

Lemma 2.4. Let he a prime power and let k he a field with char(/c) = 0. Let 
K/k a finite ahelian extension with ppn c K. 

(a) If {k,p'^) is not the special case, then LL^{K/k, ppn) is non-trivial if and 
only if 

Pp C k and p\[K ■. k{ppn)\. 

(b) If p = 2 and (A;, 2"') is the special case, then YG{K/k,p 2 -^) is non-trivial. 

Proof. Part (a) follows immediately from Propositon 12.31 Part ( 6 ) follows from 
Lemma [2.21 and the injectivity of the inflation map 

}i\k{p2-)/k,P2^) }l\K/k,P2^)- □ 

Lemma 2.5. Let d G N and let k he a field with char(fc) = 0. Assume that 

B.^{k{pd)/k,Pd) 7^ 0. 

Then either 

(a) There exist distinct primes p,q\ d with p^ \ \ d for some n G N such that 

li\k{pq)/k,ppn{k{pq))) ^ 0, 

or 

{b) 2 " II d for some n > 2 and {k, 2 ") is the special case, i.e. 

(A:(/i 2 ")/A:, p. 2 ") 7^ 0 . 

Proof. By Proposition l2.3f aL there exists some prime p with p"" || d snch that 

Lfi{k{pd)/k,ppr.) ^ 0 . 

If {kjp"^) is the special case, then the resnlt holds by Lemma 12.21 Otherwise, 
Lemma [2.41 implies that 

Pp (Z k and p \ [k{pd) ■ k{ppn)]. (2.2) 

We claim that in this sitnation there exists some prime q \ d/p^, snch that 

p I [k{pq) : k{ppr^) n k{pq)]. (2.3) 

Indeed, consider a factorisation d = p'^qf^ of d and the associated tower 

of fields 

k{pp^) C k{pp„g^i) C • ■ • C k{pd). 

By fl2.2p we obtain 

P I [k{Tpng^i...g”i) ■ k{Ppng^i...g2fi)] 

for some i. Hence 

P I [k{Ppng"i) : k{ppn)]. 

Thns we have 

P I [HPp-qi) ■ Hppr.)], (2.4) 

since [k{ppngp) : k{ppng.)] is a power of q-i. From this we dednce fl2.3p . with 

q = qi- 
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Next choose the largest m < n such that c k{fiq). Note that m > 1 by 
fl2.2p . Then and hence 

H /Zpn (fc(/iq))) H {k(^^q^ ! k^ Upm^ . 

As k{iipm) c k{fipn) n k{fiq), it follows from fl2.3p that 

P I [k{Pq) ■ k{npm)]. 

Hence by Lemma [2.41 we obtain the result. □ 

2.2. The Hilbert scheme of lines. Let d>3 and let S' be a smooth diagonal 
surface of the form 

A Otix^ T (X 2 X 2 T = 0, 

over a held k whose characteristic is coprime to d. A simple calculation using 
the explicit description of the lines fll.2p shows that the Hilbert scheme of lines 
of S is isomorphic to a disjoint union £ = £1 U £2 LI £3, where 

£1 : {x'^ = -ai/ao} x {y'^ = - 02 / 03 }, 

£2 ; {x‘^ = -02/00} X {y'^ = -03/01}, ( 2 . 5 ) 

£3 : = -O3/00} X {y'^ = -01/02}. 

Here each £* is viewed as a subscheme of A^, and is hnite etale of degree 
over k. We keep this notation throughout the paper. A case of special interest 
for us occurs for surfaces of the shape 

Xq + axf + 6x2 + 06x3 = 0, 

where we have 

£1 : {x^^ = -0} X {y'^ = -a}, 

£2 : {x^^ = -b} X = -b}, ( 2 . 6 ) 

£3 : {x'^ = —06} X {y'^ = —a/b}. 

3. Positive results 

The aim of this section is to prove that the Hasse principle for lines holds in 
the cases stated in Theorem o 

3.1. The Hasse principle for finite etale schemes. We begin with some 
general remarks on the Hasse principle for hnite etale schemes, following our 
exposition given in j71 §2.1]. 

Let X be a hnite etale scheme over a held k. Associated to this is a splitting 
held K/k, whose Galois group T acts faithfully on the set X{K) in a natural way. 
The following lemma gives a group theoretic criterion for the Hasse principle to 
fail when fc is a number held. 

Lemma 3.1. Let X be a finite etale scheme over a number field k. Let K/k 
denote the splitting field, with Galois group T. Then X is locally soluble at 
all but finitely many places of k, but not soluble over k, if and only if on the 
associated T-set X{K) each conjugacy class ofT acts with a fixed point, hut the 
group T acts without a fixed point. 
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In which case, for each place v of k which is either archimedean or unramified 
in K , the scheme X admits a ky-point. 

Proof. This is a simple application of the Chebotarev density theorem; see [71 
Lem. 2.2], □ 

3.2. The Hasse principle for lines. We now show that the Hasse principle 
for lines holds in the cases stated in Theorem 11.11 We begin with the case where 
Pd C k. 

Proposition 3.2. Let d>3 and let k be a number field with pd C k. Suppose 
that (—1) ^ k*'^ ifd is even. Then the Hasse principle for lines holds for diagonal 
surfaces of degree d over k. 

Proof. Assume that there exists a diagonal surface S of degree d over k which 
fails the Hasse principle for lines. Let C be its Hilbert scheme of lines, with 
splitting field K and Galois group T. Using the explicit description fl2.5j) and the 
fact that pd C k, one sees that T is abelian. Thus the stabiliser of each point 
i G Ci{K) depends only on i; denote the corresponding subgroup by Tj. Note 
that 

rinr2nr3 = o (3-i) 

as the action of T on C{K) is faithful. By Lemma [3. II we have 

r = riUr 2 Ur 3 and Vi^V for z = 1 , 2 , 3 . (3.2) 

We claim that 

Tj n Tj =0 for all i ^ j. (3.3) 

To prove this, without loss of generality we may take {i,j) = (1,2). Suppose 
that there exists some non-zero 7 Grinr 2 . As a group can never be a union 
of two proper subgroups, we see that there exists some 7' G T \ (Ti U r2) C r3. 
To prove fl3.3p . by fl3.2p it suffices to show that 7 -|- 7' ^ Tj for each i. To see 
this, note that 7 stabilises each point of Ci{K) and £ 2 ( 7 ^), whereas 7' does not. 
Similarly, 7' stabilises each point of whereas by 03.1 p we see that 7 does 

not. This proves 03.3p . 

Next, by 03.21) and inclusion-exclusion we have 

1 ^ 1 ^ 1 ^ ^ 

[r : Ti] + [fTTJ + [fTTJ ^ 

Hence without loss of generality 

[T : Ti] = 2 and [T : r 2 ] < 3. 

Moreover, by 03.3p . the natural map 

T ^ T/Ti X r/r2 

is an embedding, so ffV < 6. However a cyclic group cannot satisfy Lemma [3.11 
hence 

T = Z/2Z X Z/2Z. (3.4) 

To proceed, we need to explicitly construct the generic Galois group together 
with its action on the Hilbert scheme of lines. Gonsider a surface of the form 

Xq + aiXj + 02X2 + 03X3 = 0 ( 3 . 5 ) 
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over the function field /c(ai, 02 , 03 ). If d is odd, then the splitting held of fl3.5p is 

whose Galois group is isomorphic to (Z/dZ)^. Thus we see that T has odd order, 
which contradicts fl3.4p . Hence the Hasse principle for lines holds when d is odd. 
Now suppose that d is even. The splitting held of f|3.5p is 

fc(h 2 d, ^), 

whose Galois group G is isomorphic to Z/2Z x (Z/dZ)^. It is generated by the 
elements uo, ui, (J 2 , as, where 

o'o(C 2 d) =-C 2 d, (To(a^) = ^, i = 1,2,3, 

(Ti{C2d) = C2d, f = 1, 2, 3, j ^ i, 

and ( 2 d is a hxed choice of primitive 2 d-th root of unity. The action of G on the 
Hilbert scheme of lines of fl3.5p (see fl2.5p l gives rise to a faithful representation 

p:G —^ (Z/dZ)2 X (Z/dZ)2 X (Z/dZ)2 
do ^ ((d/ 2 , d/ 2 ), (d/ 2 , d/ 2 ), (d/ 2 , d/ 2 )) 

((1,0), (0,-1), (0,1)) 
a2^ ((0,1), (1,0), (0,-1)) 
as ^((0,-1), (0,1), (1,0)). 

We identify G with its image under this map, viewed as an additive subgroup 
of a free (Z/dZ)^-module of rank 3. With this notation, an element of G hxes a 
line if and only if one of its coordinates is (0, 0), and an element of G hxes p 2 d if 
and only if it lies in the subgroup (cti, cr 2 , < 73 ). 

We now return to the group T. This may be identihed with a subgroup of G, 
acting on the lines of S via the above representation. By fl3.3p and fl3.4p . we see 
that T consists of elements of the form ( 0 , 0 , 0 ), (H, t 2 , 0 ), (H, 0 , t^), and ( 0 , t 2 , G), 
where 2-torsion elements in (Z/dZ)^. However the 2-torsion of the 

generic Galois group G is generated by 

{{d/2,d/2),{d/2,d/2),{d/2,d/2)), 

((d/ 2 , 0 ),( 0 , d/ 2 ), ( 0 , d/ 2 )), 

(( 0 , d/ 2 ), (d/ 2 , 0 ),( 0 , d/ 2 )), 

(( 0 , d/ 2 ), ( 0 , d/ 2 ), (d/ 2 , 0 )). 

The only 2-torsion elements with exactly one coordinate (0, 0) are 

71 = (( 0 , 0 ), (d/ 2 , d/ 2 ), (d/ 2 , d/ 2 )), 

72 = ((d/ 2 , d/ 2 ), ( 0 , 0 ), (d/ 2 , d/ 2 )), 

73 = ((d/ 2 , d/ 2 ), (d/ 2 , d/ 2 ), ( 0 , 0 )), 

and hence T = { 0 , 71 , 72 , 73 }. However each 7 * lies in (ai, ( 72 , < 73 ), so hxes p 2 d- 
Thus p 2 d C k, which contradicts the assumption that (—1) ^ k*'^. Therefore the 
Hasse principle for lines holds when d is even. □ 
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Proposition 3.3. Let d>3 and let k be a number field such that 

E^{k{fid)/k,fid) = 0 . 

Suppose moreover that (—1) ^ k*'^ if d is even. Then the Hasse principle for 
lines holds for diagonal surfaces of degree d over k. 

Proof. Assume that there exists a diagonal surface S of degree d over k which 
fails the Hasse principle for lines. Then contains a line everywhere locally. 

Note that if d is even, then the conditions of the proposition and (II.3p imply 
that (—1) ^ k{pidY^- Hence by Proposition 13.21 we see that Sk{p^) contains a line. 
Without loss of generality we have Ci{k{p,d)) Y 0) I'hus Oi/ao and 03/02 are both 
dth powers in /c(/i(i) (see fl2.5p b However since YY{k{pid)/h^ pid) = 0, by (11.3p we 
see that Oi/oq and O 3/02 are both dth powers in k. Thus S contains a line over fc, 
which is a contradiction. □ 

This completes the proof of the if part of Theorem 11.11 

3.3. Proof of Theorem 11.21 By Theorem ll.il it suffices to show that we have 
LY{k{pid)/k., p-d) = 0 in each of the given cases. 

(1) If Pd{k) = {1}, then the group is trivial by Lemma [2^ ob 

(2) If /Xrf C /c then it is clearly trivial. 

(3) If g ^ 1 mod p for all primes p,q \ d, then p f [k{pd) ■ k{ppn)] for all 

p^ \ \ d (since [k{pd) ■ k{ppn)] \ ip{d/pY])- Hence the group is trivial here 
by Lemma [2.4f a). □ 

4. Existence of counter-examples 

The aim of this section is to construct explicit counter-examples, which show 
that the conditions in Theorem 11.11 are necessary. 

4.1. An existence result. We begin with a technical lemma on the existence 
of certain integers, whose primary purpose is to take care of the existence of a 
line at the bad primes. 

Lemma 4.1. Let k be a number field and let p,q G N. Let a & Ok be non-zero. 
Then there exists /3 G Z such that the following conditions hold. 

(1) fi is coprime to a. 

(2) k has a prime ideal b such that vfifi) = 1. 

(3) If p I aq, then (3 is a qth power in kp. 

(3) If p \ (3, then a is a pth power in kp. 

Proof. Note that we do not assume that p and q are coprime. Denote by ai,..., Ur 
the prime ideals dividing a with corresponding rational primes oi,..., a^-, and let 
qi,... ,qshe the rational primes dividing q. Let n and m be large positive integers 
(these are chosen so that Hensel’s lemma applies below). We then choose (3 to 
be a rational prime which is completely split in the field extension 

Q C k(^Pp, tt Pa ^) ■ ■ ■ 5 Pajf 5 Pqp ) ■ ■ ■ ) ■ 

Such primes exist by the Chebotarev density theorem, and we may moreover 
assume that ( 1 ) holds. Also ( 2 ) holds as [3 is completely split in k. 
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Next, as /3 is completely split in we see that (3 = 1 mod a” for each 

i = 1,... ,r. Hence (3 is a q-th power in Qq. C /cq. by Hensel’s lemma. A similar 
argument applies to the qi, thus (3) holds. 

Finally let p | (3. Then p is completely split in k{np, hence a is a p-th 

power in kp, thus (4) holds. This completes the proof. □ 

4.2. Existence of counter-examples. We now construct counter-examples as 
required for Theorem 11.11 starting with the easiest case where d is even and 
(-1) e k*^. 

Lemma 4.2. Let d > 4 be even and let k be a number field with 

(-1) e k*‘^. 

Then there exists a diagonal surface of degree d over k which fails the Hasse 
principle for lines. 

Proof. Let a be a rational prime which is completely split in k. By Lemma [4.11 
there exists /3 G Z such that 

( 1 ) is coprime to a. 

( 2 ) k has a prime ideal b such that nb(/d) = 1 - 

(3) If p I 2a, then /? is a square in kp. 

(4) If p I /9, then a is a square in kp. 

Consider the diagonal surface 

+ (3'^/^xi + {a(3y/^xi = 0 (4.1) 

over k. Let k G K he a field extension. As (—1) G k*'^, using fl2.6p one finds that 
there is a line defined K if and only if 

^d/2 ^ pd/2 ^ j^*d («/ 3)'^/2 e K*^. ( 4 . 2 ) 

We first show that 04.11) has lines everywhere locally, for which it suffices to 
consider only the non-archimedean places by Lemma 13.11 Let p be a non-zero 
prime ideal of k. Then conditions (3) and (4), together with the multiplicativity 
of the Legendre symbol and Hensel’s lemma, imply that one of a, (3, or a(3 is a 
square in kp. Hence by 04.2p . we see that there is a line defined over kp. To see 
that there is no line defined over k, we note that ( 2 ) implies that (3'^^'^ is not a dth 
power in k. A similar argument shows that (a/S)'’*/^ is not a dth power in k, on 
using (1) and (2). Moreover, is not a dth power by our choice of a. Hence 
04. ip is a counter-example to the Hasse principle for lines, as required. □ 

To complete the proof of Theorem 11.11 we need to construct counter-examples 
when H^(fc(/rrf)/fc, prf) ^ 0. By Lemma [2.51 there are two cases to consider, which 
we handle in the next two lemmata. 

Lemma 4.3. Let d > 3 and let k be a number field. Suppose that we are in 
case (a) of Lemma IS.,51 Then there exists a diagonal surface of degree d over k 
which fails the Hasse principle for lines. 

Proof. By Lemma 12.51 we may write d = eqp^ where p, q are primes with 
gcd(eg,p) = 1 , and 


H^(fc(/ig)/fc,Pp"(fc(/ig)) 7^ 0. 
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In particular q ^ 2. Let a ^ Ok he a representative of a non-trivial element of 
}l^{k{ng)/k, Hp-n(k{nq))) of order p. By Lemma HTTl we may choose /3 G Z such 
that 

( 1 ) /5 is coprime to a. 

( 2 ) k has a prime ideal b such that Vi,{f3) = 1 . 

(3) If p I aq, then /3 is a gth power in kp. 

(4) If p I /5, then a is a p^th power in kp. 

We claim that the surface 

^ = 0 

is a counter-example to the Basse principle for lines. To see this, we use the 
description of the Hilbert scheme of lines given in fl2.6p . We hrst show that 
S contains lines everywhere locally, for which it suffices to consider only the 
non-archimedean places by Lemma 13.11 For those primes with p | aq/3, locally 
solubility in kp follows from (3) and (4) above. For the remaining primes p, let i 
be the rational prime below p. If £ = 1 mod q then p splits completely in k{pq), 
hence a is a p"th power in kp by fll.3p . thus is a dth power in kp. Next, as 
/9 is a unit in Z^, we see that if £ ^ 1 mod q then /3 is a gth power in C kp, 
hence is a dth power in kp. Thus S has lines everywhere locally. 

We now show that there is no line over k. First assume that is a dth 
power. In which case, there exists ( G Peq{k) such that (a G However 

C G k*P" since gcd(eg,p) = 1, thus a G k*P", contradicting our choice of a (see 
(HSli), Next (2) implies that is not a dth power in k, and a similar argument 
(which is valid because of ( 1 )) shows that —and —are also not 
dth powers. Thus there is no line over k, as required. □ 

Lemma 4.4. Let d > 3 and let k be a number field. Suppose that we are in 

case {b) of Lemma lil.51 Then there exists a diagonal surface of degree d over k 
which fails the Hasse principle for lines. 

Proof. The proof runs along similar lines to the proof of Lemma 14.31 First 
by Lemma 12.51 we may write d = 2”'e with e odd and such that {k, 2”) is 
the special case. Let a E Ok he a representative of the non-trivial element 
of H^(A;(/i 2 ")/A;,/i 2 "). By Lemma [4.11 we may choose /9 G Z such that 

( 1 ) is coprime to a. 

( 2 ) k has a prime ideal b such that vp{fi) = 1 . 

(3) If p I 2a, then fi is a square in kp. 

(4) If p \ fi, then a® is a dth power in kp. 

We claim that the surface 

- a^xi - = 0 

is a counter-example to the Hasse principle for lines. For local solubility, those 
primes with p | 2a(3 are taken care of using (3) and (4). For the remaining 
primes p, let ^ be the rational prime below p. If £ = 1 mod 2"^, then p splits 
completely in k{fi 2 ”), hence a is a 2"'th power in kp by fll.3|) . thus a'^ is a dth 
power in kp. Next if £ ^ 1 mod 2", then every element of which is a {d/2)i\i 
power is also a dth power, since gcd{i — l,d) \ {d/2). As /? is a unit in Z^, we 
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therefore see that is a dth. power in C fcp, as required. Thus S has lines 
everywhere locally. 

We now show that there is no line. Suppose that a® G k*'^. Then there exists 
C G /ie(^) such that G However C, G as e is odd, thus a G 

a contradiction. As in the proof of Lemma 14.31 the remaining cases follow from 
( 1 ) and ( 2 ). □ 

This completes the proof of Theorem 11.11 □ 

Remark 4.5. A simple calculation using the description fl2.5p shows that the 
Hilbert scheme of lines of a diagonal surface is a torsor under a certain non- 
abelian group scheme G, which fits into an exact sequence 

0 —y —y G —y f 0. 

In particular, our results give explicit examples of non-trivial elements of the 
associated non-abelian Tate-Shafarevich set 

HI(A;,G) = ker | H^(A;,G) —> JJh1(A;„,G) 

y 4;GVal(fc) 

Remark 4.6. Let d be even and let A: be a number field with p 2 d C k. Then 
a simple modification of the proof of Proposition 13.21 shows that every diagonal 
surface of degree d over k which fails the Hasse principle for lines is of the form 
fl4.ip . In particular, its splitting field has Galois group (Z/2Z)^. 

4.3. Proof of Theorem 11.31 Write d = eqp^ with gcd(eg,p) = 1 and take 
k = Q{fipn). As g = 1 mod p, applying Lemma [2.4f al we obtain 

E^{k{pd)/k,ppr^) 7^ 0. 

Hence by Theorem 11.11 the Hasse principle for lines can fail here. □ 

4.4. Proof of Theorem II.41 Let k be totally real and write d = 2”e. First 
suppose that n = 1. Then, as d > 3 and k is totally real, the group Gdl{k{pd)/k) 
contains an element of order 2 (e.g. a choice of complex conjugation for some 
embedding k^pd) C C). In particular 2 | [k^pd] '■ A;], hence H^(A;(prf)/A:,^ 2 ) 7 ^ 0 
by Lemma [2.4f a). If however n > 2, then (A;, 2"^) is the special case (see Defini- 
tion l2.ip . hence H^(A:(pd)/A:,/ 1 - 2 ") 7 ^ 0 by Lemma 

In both cases. Proposition I2.3f ai implies that H^(A;(prf)/A:, 7 ^ 0. Thus the 

Hasse principle for lines can fail here by Theorem 11.11 as required. □ 
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